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Thesis Chtline 
I. Title: Developing Exercises Designed To Determine The Types of Errors 
Made In The Solving of Verbal Problems Ih Algebra I .. 
II. Selection of Problem 
-A. Purpose:- To design exercises "Which will, ·"When applied, aid in 
determining the causes of errors made by pupils in the 
solving of the verbal algebra problem. 
B. Source:- l). The number of errors made by pupils 'Whom the author 
has had in his algebra classes. 
2).. The comments made by other teachers of algebra. 
3). Articles in various periodicals as to these errors., 
c. Justification:- l)., Will call these errors to the attention of 
teachers and students. 
2). Will provide comparison between errors made 
in todayt s classes and these of earlier 
reports. 
3) • Will provide opportunity for someone to work 
out methods for eliminating the errors -when 
discovered. 
D. Scope:- 1).. Students of classes of Algebra I. 
2) • Exercises (verbals) designed to take about 45 minutes 
time. 
III.. Research Procedure: 
A. Previous Study:- l). Reports of others "Who have investigated the 
problem. 
2).. Lists of errors ascertained from earlier reports, 
to be used for comparative purposes. 
• 
B. Verbal. Problems:- 1) .. 
2). 
Types:- as to value, difficulty, etc. 
Commonly found in texts. 
a. Assumptions:- 1). That classes used in problem are typical 
classes taking first year algebra. 
2). That exercise is to be given without prior 
preparation by teachers., 
JJf. Conclusions:- Gan be ascertained only after application of exercise, but 
possible ones mccy- be: 
1).. That errors found to be common in previous 
investigations may not occur as frequently. 
2) • That one (or more) tYJ?e ( s) of error ( s) will 
appear more frequently than others • 
I , 
u 
Exercises to Determine the Types of: Errors 'Made in the SoJ.v:i.ng o£ Verbal Prob-
lems in Algebra I. 
Chapter I 
Selection o£, and .Justification of, the Problem. 
Selection o£ the Problem: 
Upon graduating from a small New England Teachers T college, the author 
burst into the teaching profession with all the enthusiasm and self-confidence so 
often found in the beginning teacher. As he had had no particular difficulties 
in his own mathematics courses in high school and at college, he expected none 
in the teaching of these same subjects. 
Signed numbers, simple equations and literal relationships were intro-
duced and taught snccessfu.Dy. A :few students, of course, met varying degrees of 
dif:ficulty in mastering the material,. but, all in all, things progressed sm.oeth.J..y. 
Then came the verbal probleml Averages once in the nineties, slumped 
steadily downward. students who had encountered no great difficulties now :fOUDd 
themselves bevdldered by this type of problem. The teacher, once in complete 
command of the situation, became mpatient and, -what was worse, lost confidence .. 
Perhaps he was not the teacher he had :imagined himself to be during the :first fmr 
weeks o:f that first school year. Could it be so? 
He discussed his problem with older and wiser members of his profession. 
Each admitted that d:ii'f'icuJ.ties were to be encountered when verbal problems were 
the subject o:f the day. Each had his own idea as to the cause of' these d:if'fi-
culties, and, of course, each had his own idea as to how these difficulties could 
best be eljminated. It was at this time that the teacher decided that, :if' the 
~ opportunity ever arose, he would make every effort to assist in the eliminating of' 
this harassing and seemingly unnecessary phase of the teaching of algebra. 
1 
• 
Justification of the Problem: 
It should be obvious, to the reader, at this point, that the author 
feels justified in presenting this problem as a thesis choice. There are, however, 
. 
other reasons -why this particular problem is a justifiable one. 
The author by no means feels that he is unique among teachers of 
mathematics as regards the problem at hand. The problem is not an isolated one 
as the following chapter will more clearly define. Airy problem pertinent to the 
educating of our youth, and that is neither geographic~ nor professionally 
isolated, seems to the 'writer to be justified. 
Moreover, as mentioned above, the Research Chapter will show that this 
particular problem was quite thoroughly investigated during the late 1920• s. It 
seemed, at this point, that a comparison should be made between present day inves-
tigations and those of this earlier period. It may be that the type of error most 
common today may not be that found to be most common during that earlier period., 
Then, too, the results of such an investigation will provide information 
for further study in that 'With types of error clearly defined, further investiga-
tion might lead to eliminating, or at least, reducing certain of these errors. 
The problem is not a new one, as shbuld be evident by the reference to 
the 1920-1930 decade. Thorndyke1 , Clem and Hendershot2, and Russell and Holmes3 
are among those -who have made intensive studies of the problem. 
1Edward L. Thorndyke, Psycholof." of Algebra. (New York: MacMillan Go. 1926) 
pp. 108-114; 132-165; 312-31 • 
20rlie M. Clem and Bertha A. Hendershot, ttSame Difficulties Involved in Solving 
Verbal Problems in Elementary Algebra. 11 Mathematics Teacher, March, 1930. 
pp. 141-147 • 
. 3navid H. Russell and F. Melville Holmes, 11.An Experimental Comparison of Algebraic 
Reading Practice and the Solving of Additional Verbal Problems in Tenth Grade 
Algebra. n Mathematics Teacher. December, 1941. 
•• . . 
One may ask, is the solving o:f the verbal problem worth all the attsn-
tion that has been :focused upon it? Breslich1 answers this question by saying: 
11The ability to solve problems is a major ajm of all mathematical 
instruction, n and, npower to solve would be the tiltimate objective of the course.n 
and concludes with,--11The real purpose o:f teaching pupils to solve problems is 
to prepare them to solve the problems which are found in their school studies, 
which arise in everyday activities and which people in general, meet in various 
.fieldS of human endeaVor • II 
The "verbal problem11 shall be defined as that type of problem which re-
quires, in its solution, the translating of th.e written word into algebraic 
symbolism an.d arithmetic and algebraic manipulation. 
The, 11errors, n with which this paper is concerned, are those steps or 
proceedures which result in an incorrect solution to the verbal problem. 
ll.AJ.begra rn refers to the subject o:f Algebra as taught m the high 
schools, (usually grade nine), to those pupils encountering Algebra for their 
first full ye~ • 
~nst R. Bt-eslich, Problems m Teaching Secondary School Mathematics. 
(Chicago: University of Chicago Press, 1931) pp. 65-67; 82-84; pp. 85-BB. 
Teaching o:f Seconday Mathematics,.. (New York: McGraw-Hill Go .. 1941.) pp. 262-263 .. 
Division of the Problem: 
Chapter II 
Research 'Procedure 
When the problem was first conceived it was considered necessary to 
devise exercises with which., it was hoped, several of the existing types of error., 
made in the solving of algebraic verbal problems could be e].jminated or, at least, 
reduced. After a discussion of the problem it soon became evident to both the 
author and his advisor that the scope of the problem was far too broad to be 
encompassed within this master's thesis. It was then decided that, for the pur-
pose of this paper, an exercise to determine only the types of errors made in the 
solving of verbal problems in first year .Algebra. 
That having been accomplished, the next action was to break down the 
problem at hand into its component p§U'ts. As .far as the problem as a whole was 
concerned those parts aligned themselves as follows: 
1) ., Research 
2). 
3). 
Designing the Exercise 
Evaluatmg the Exercise 
4). Conclusions 
This chapter, concerning itself only with research, can be subdivided 
into the foil owing elements: 
1) • Reviewing other investigation~ of the problem. 
2). .Ana]yzing suggestions made and results of 
those investigations. 
3). Selecting that information which might be 
useful to the author in his own investigation. 
4. 
,, 
·" 
~ 
Attention shall now., then., be focused on the first of the three elements, 
reviewing other investigations of the problem. 
As mentioned previously in this paper, the problem is not original with 
the author. Many have attacked the problem both in its entirety and in part. 
Among these investigations are those dealing with errors due to (a), faulty 
, 
teaching, (b), poor: problem material, (c), faulty attack on problem by student, 
(d)., inability of student to read problem understandingly, and (e) errors due it> 
incorrect application of arithmetic. 
Paul Ligda1 is particularly vehement in attacking the teacher of algebra 
for his part in baw:i.ng, yea., contributing, to this confusion in the field of high 
school mathematics. For example, he ssws that many errors made by pupils are 
caused by faulty teaching procedure. The teacher, claims Ligda, strongly defends 
the nalgebraic procedure, 11 shouting, nstate the conditions of the problem.n The 
pupil, muddled by his inability to recognize 11the conditions of the problem, 11 
had, in the meantime, (this is still Ligdal) developed a _perfectly logical and 
accurate method .for solving the problem without using a single nxn and without 
ttstating the conditions of the problem. 11 O.f course, continues Ligda, the pupil, 
after using a combination o.f some arithmetic and a lot o.f common sense, will 
substitute letters afterward 11 so as to avoid wounding the tender .feelings o.f his 
instructorl n 
The use of the arithmetic method is also advocated by Wibli but on:cy-
after solving the problem by algebra. An example o.f her suggestions is as 
follows: 
1Paul Ligda; TtSystematic Analysis and Solution of Quantitive Problems. n School 
Science and Mathematics. February, 1926. pp. 173-180. March, 1926. pp. 241-252. 
2Josephine Wible, ''Verbal ProblemsJ Again! Mathematics Teacher. November, 1945. 
pp. 319-322. 
«Atr does a piece of work in 5 hours. If 11B11 can do the work in 3 hours, 
how long will it take both, working together to do the work? 
By algebra. 
Daily part l/5 .;. 1/3 :: 1/x 
EJ jmi nating fraction 3x .;. 5x = 15 
Solving equation 8x :: 15 
X = 15/8 
Once the pupil has done several of these problems he soon discovers that 
the same result is obtained by: 
~ 7 ~ :: 15/8 
ttThere is no loss to prestige of algebra,n remarks VVible, 11 since algebra 
provided the means for establishing this relationship. n 
The preceeding information is accepted some1mat by Breslich1 who writes, 
liThe more capable pupils gradually acquire the ability to solve probl~, ttand, 
11The need for suggestions is less necessary .for bright students than .for the slow. 
Often they do better without them. 11 This idea is advocated (in varying degrees) 
by Lutes2, Greene3, and Dower4 • 
Knight5, in presenting a slightly di.ff erent version of Paul Ligda r s 
diatribe, admits that, 11 It is quite possible that ability to solve verbal problems 
is .far more a gift of nature than we at present assume. 
1Ernst Breslich; Teaching of Secondary Mathematics (New York: McGraw-Hill Co. 
-l-944) pp. 262-263.- . 
2o. S. Lutes; Second Yearbook of National Council of Teachers of Mathemati:cs. 
pp. 48-51. 
3n:. A. Greene; Second Yearbook of National Council of Teachers of Mathematics. 
pp. 64-72 
4tucy Dower; Third Yearbook of National Council of Teachers o.f Mathematics .. 
pp. 22-267. 
5F. B. Knight; Second Yearbook of National Council of Teachers o.f Mathematics. 
PP• 2o-66 
6. 
------~-----------------
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\ . ,., 
This would seem to indicate that teachers themselves have been at 
£ault in various ways. Further support to this premise is given by Powelll. who 
states that,. 11Teachers £eel. that a realistic problem promotes pupil's interest. 
Pupils care little as to the geniuness of the problem! Teacher t s choice is poor 
basis for pupil's interest. 75% of problems 1v-ere started higher by teacher than 
by pupil! The teacher seems to base choice of problem on economic situations 
while the pupil prefers those denoting activity. n 
And again-------~----
11 Care must be taken that interest not be destroyed. It is important, 
then, that not all problems in any group can be difficult.n 
Sa.nford2 feels that teacher.s often destroy pupil t s interests by drill 
on problem procedure . and by not allowing the pupil to solve the problem. 
"Although the planning of the solution of a problem is more valuable 
than the getting of the result. The average pupil -who drives through to the 
conclusion a:nd who finds an answer that checks, feels a satisfaction that he 
would never have had in simply analyzing the work, planning a solution and stop-
ping at that point. n 
Not o:oJy has the selection of the verbal problem been a target for 
attack, but the construction of the problem itself has came under close scrutiny. 
1 Jesse J. Powell.j A Stu of Problem Material in Hi School Al ebra. (New York: 
Bureau of Publications Teachers' College~- Columbia University Contributions to 
Education. No. 408. 1929. 
2vera Sanford, The History and Significance of Certain Standard Problems in 
Algebra. Teachers' College, Columbia University Contributions to Education. 
No. 2$1. 1927. 
Thorndyke~ .in comprehensive studies says: nor 491 problems rated as 
to geniuness_, :importance and other factors such as, twas the answer known in 
order to formulate the problem?; only .forty-nine survived the ~ating system. 
Even some of these were doubtful if examined closely under real life conditions .. 11 
The construction . of the verbal problems based on choice of selection 
by teachers (previous}Jr mentioned) has led to the so called tttypingu of problems. 
Here problems readily fall into certain catagor~es_, -which are labeled_, 11mixture, n 
11work_, 11 11interest, 11 etc .. 
The teaching of the solving of verbal problems according to type has 
lead to contradicting statements by all members of the profession. Thorndyke2~ 
for example_, states, 11There is little justification for listing problems under 
each type.. This results in pupils working on the basis of expected sol~tions:_ 
/ 
Thorndyke3, therefore, advocates a unit on problem solving in which; 
llProblems about public health, for example, may well be on the same page even 
though one Should involve a simple equation without fractional equation; one a 
radical, and one a quadratic. tt 
Also rec<?mmended by Thorndyke are problems such as, rtUnder what condi-
tions will A= 1/A?," and 11In A. p - q/r, what "Will be the effect upon nAn of 
an increase in 'r' ?n 
Haertter4, however, asserts that we should classify all problems by 
type before attempting to solve them. Teachers should have their pupils drill 
1 Edward 1. Thorndyke, Psycholo~of- Algebra, (New York: MacMillan Co .• 1926) 
pp. 108~114; 132-165; 312-314; -451. 
2Ibid. PP• 49. 
3Ibid. pp. 133-134. 
41. D. Haertter: An Effective Method of Teaching Pupils How to Solve Verbal 
Problems. Mathematics Teacher. March, 1931. pp. 106-175. 
on methods of solving problems according to their type. Recognition of type o:f 
problems., says Haertter_, results in a definite, exact method of attack. 
Rudman]. agrees with Haertter in almost identical phrasing and urges, 
tta more systematic arrangement of problem material._tt 
Read:ing skills have come in :for their share of attention although 
there seems to be considerable contradiction. On the other hand we have a com-
e 
prehensive study made by Margaret McKim... This ability to solve verbal. problems 
in algebra_, showed that classes with extra time spent in reading training scored 
higher on later verbal problems than did those without the special reading 
training. Since both classes were equated, in so :far as this was possible, it, 
could only be deduced that the extra time spent on reading training played a 
decisive part in the resulting scoring on the verbal test. 
Russell and Holmes!3 _, on the other hand_, as a result of their study, 
show evidence to the contrary. A control group spent its time on the solving 
of verbal problems 'While an experimental group no't only worked on verbals but 
included special reading exercises as part of its ~aiJ:y routine. At the end of 
the experimental periods both groups were given a test consisting of verbal 
problems. There was no appreciable difference in the scores attained by each 
].Barnet Rudman; UTeaching the Verbal Problem in Intermediate Algebra.n 
Mathematics Teacher. February, 1929. pp. 83-92. 
2Ma.rgaret G. McKim; UThe Reading of Verbal Material in Ninth Grade Algebra.n 
Contributions to Education. No. 4o8. (New York: Bureau of Publications, 
Teachers' College, Columbia University, 1929.) 
3navid H. Russell and F. Melville Holmes; rtAn. Experjmenta.;L Comparison of 
Algebraic Reading Practice and the Solving o:f .Additional Verbal Problems in 
Tenth Grade Algebra. n Mathematics Teacher. December, 1941. pp. 347-352. 
With contradicting opinions on the part o£ authorities as concerns the 
:importance of reading skills in the solving of the verbal problem, as well as 
the classif'y:ing of problems by type, it is interesting to note the discoveries 
of H~sl, and Buswell2. 
Hawkins, in an investigation of the early 1930•s reported that two 
divisions of first year algebra were equated as to scores on reading compre-
hension, algebraic aptitude, etc. One group spent considerable time on problem 
analysis and scored much higher on later tests than did the group which spent 
its t:ime on problem solving without any specific t:ime allotted to analysis. The 
conclusion reached was obviously that, "practice .in problem analysis is an aid 
to' the pupil in solving verbal problems. 11 
Also concerned with the ability o.f children to a.na.J..yze the problem 
was Buswell, "Who stated: "While the logical steps by which the reasoning 
processes have been described may represent the way children should think, they 
certa.inly do not represent , the was- many children .9£ think. 11 
Continuing, Buswell adds, rtTotal failure to comprehend the problem 
made up 30% of errors.u 
As regards the way children should think Buswell referred to the 
steps in problem solving suggested by the majority of early investigators and 
by many teachers of mathematics at the present time. 
lGeorge E. Hawkins; lfTeaching Verbal Problems in First Year Algebra. 11 
School Science and Mathematics. June, 1931. pp. _ 655-660. 
2G. T. Buswell; Second Yearbook of National Council of Teachers of Mathematics. 
pp. 85-88. 
• 
These steps are: 
(l)"' Read the problem carefully. 
(2). Determine the unknown • 
(3). Set the proqlem as an equation in terms of the unknown. 
(4). Solve the equation. 
(5). Check the solution .. 
Errors in ari tbm.etic have been one of the primdnent causes of improper 
solutions of verbal problems. This type of error ·has appeared in every study 
of the problem by earlier investigators. 
To pr~sent more clearly the -&ypes o£ errors found in these investigations, 
the following lists are presented• 
From Butler and Wren1 we find: 
a). Computation 
b). Lack of reasoning ability. 
c). Poor procedure or absence of systematic attack. 
d). Difficulty in selecting process to be used. 
~) • Failure to comprehend the meaning of the problem. 
f). Inefficient reading habits. 
g)-. Vocabulary difficulties. 
h) • Short attention span or mental laziness. 
i). lnahilit,y to select essential data. 
j). Carelessness in transcribing. 
k). Poor eyesight and other physical defects. 
lCharles H Butler and F. Linwood Wren; 11Teaching of Secondary MB.thematics. u 
(New York: McGraw-Hill Co. l9ltl) pp. 262-263 .. 
n. 
u 
/ ' 
' I 
.\..._.) 
Smith and Reeve1 gives us: 
a). Vocabulary difficulties •. 
... 
b).. Failure to break dovm the -whole problem .• 
c). Failure to understand symbolism. 
d). Failure to organize data .from problem. 
e). Computation errors. 
Knigb.t2, found similar errors: 
a); Failure to canprehend the problem. 
b). Poor, or lack of,, analysis of the problem. 
c).. Inability to decide upon a method o.f attack. 
d). Errors in solution •. 
e). Failure to verify the solution. 
·Clem ,and Hendershot3 agree, ~en, after giving a test o.f seven problems 
to eighty pupils of .four ninth year classes representing three schools, the fol-
lowing came to :U.gb.t: 
J.. Twenty pupils did not solve a single problem correctlyS 
2. No one solved all seven problems correctly! 
The errqrs discovered here were: 
a). Reading difficulties. 
b). Lack o.f reasoning ability,. 
c). Lack of organization. 
d). Errors in arithmetic. 
e). Failure to check the solution~ 
lnavid E. Smith and William D. Reeves; The Teaching of Junior High School 
Mathematics. (Boston; Ginn a:nd Company. 1927) pp. 192-198. 
2F. B. Knight; Second Yearbook of National Council o.f Teachers o.f Mathematics. 
pp. 20-66. 
v 3Qrlie M. Clem and Bertha A. Hendershot, 11Some Difficulties Involved in Solving 
Verbal Problems in Elementary .Algebra. n Mathematics Teacher,. March 1930. 
pp. 141-147. . 
Chapter TII 
Construction _of, and Interpreting Results of, the Exercises 
It can read.ily be seen from Chapter II that, although the wording of 
the results may have differed, the most common errors were: 
l. Inability to recognize what was given in the problem. 
2. Inability to recognize what the problem asked for. 
3. Lack of de£inite plan of attack. 
4. · Failure to recognize essential data. 
5., · Inability to transpose verbal statement to 'algebraic 
symbolism. 
6. Errors in algebraic manipulation. 
7. Errors ii_l arithmetic computation. 
Since these were the types o:f errors that had been common previous 
areas of research, it was now obvious that exercises must be devised to ascertain 
the :frequency o:f these errors as they occur in todayr s schools .. 
In Part I of the exercises the problems were chosen after consulting 
with other teachers of algebra in the mathematics department at 'the school 'Where 
the author teaches. Since verbal problem of those, ntypes, n labeled as, 
ttmixture,u ninvestment,n ·.11motion, 11 and rtarea, 11 were commonly found in text books 
o:f Algebra I, one each o:f these types was selected :for the exercises. Part two, 
o:f :five problems, was designed to determine mather students c9uld recognize 
essential information contained in the wording of the problem. The :five ex-
amples o:f Part II, c.ontain all the information for quick, easy solutions to the 
problems, provided that the student recognize the essential data. No algebraic 
manipulation is required t.o solve these five problems and what little arithmetic 
computation is needed :Ls · of an elementary nature. 
(The exercises origina.J.J.y contained :five problems in each part. After 
a trial seen· in two classes it was discovered that not ~ person :finished the 
13 
' exercise in the allotted tim.el Since the periods in the schools 11Vhere the exer-
cises were to be given ranged from forty-eight to fifty-five minutes in length, 
it was necessary to shorten the exercises. Another trial was made, and, by 
omitting on problem in Part I, the majority of pupils were able to complete the 
exercises.) 
After discussing the problem with other teachers the multiple-choice 
type of exercise was selected as being best suited for determining errors. 1, 
2, 3, and 5 listed on page 13. Error 5, on page J.3, .could best be determined by 
Part II, while errors in algebraic manipulation a;nd arithmetic amputation could 
· be determined by checking the solving of each problem.,. 
The students were selected from the schools of Middletown, and Portland, 
Connecti_cut. No attempt was made at homogeneous grouping as the exercises were 
devised for all students of Algebra I. 
One-hundred-eighty students participated and were administered the 
exercises by their regular classroom teachers. The time taken for the exercises 
is mentioned in the exercises at a later page. 
No atte)D.pt was made to distinguish between those students of Middle-
town and those of Portland, nor was there ~ division by classes of eaCh school. 
Although some of the participating students were Sophomores and a 
still fewer number were Juniors, all were taking Algebra I for the first time. 
The author wishes to extend his sincere thanks to Mr. Harold Heal:y and 
Mr. A. 0. Bozioan of Middletown High School, and Mr. Charles Arnold of Portland 
High School and to those students -who helped make this work possible. 
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EXERCISES 
In those sections where a choice of answers :is to be made, place the 
n:umber designating the choice, :in the blank space at the r:ight of the page. There 
may be more than one choice for the problem .. 
Sample: The sum of two numbers is 129. One number is 23 more than 
the other. What are the two numbers? 
A. Wh:ich of the following statements are given in the problem? 
Ana. J., 4, 5 
(1) The results of adding the two quantities. 
(2). The product of the two quantities. 
(3) The value of one quantity is 23. 
(4) One quantity is 23 more than the other. 
(5). The difference between the two quantities. 
( 6) None of the above .. 
Since the sum is given as 129, (l) :is given so (l) is placed to the 
right of the problem., The second sentence in the problem is 
the same as (4) so (4) is placed with (l). Since (5) is o~ 
another way of ·expressing (4), it too is placed in the answer 
space., 
In solving the problem do all ~ on reverse side of paper., 
You have 40 minutes t~ complete Part I. Q£ not begin Part II until 
you are told. Be careful. Check your work if t:illl.e permits. 
Part I 
I. A man has lO pints of acid solution of 15% strength which he wishes to in-
crease to 25% strength. If he has some acid of 50% strength how m-q.ch of this 
must he add to his original solution to.make it the required strength? 
A. Which of the following are given in the problem? -------
(1) The amount of solution at 15% strength. 
(2) The amount of solution at 5o% strength., 
(3) The amount of solution at 25% strength .. 
(4) The amount of solution to be added. 
(5) The amount of solution in final quantity .. 
( 6) None of these. 
B. Which of these are asked for in the problem? ~-----------
(1) The number of pints of solution at 15% strength. 
( 2) The number of pints of solution at 25% strength. 
(3) The number of pints of solution at 5o% strength .. 
(4) The number of pints of solution in final mi.xtur.e. 
(5) The number of pints of solution to be added. 
( 6) None of these. 
c. Which of these aids most in the attack on the problem? 
(1) The original. number of pints of solution, plus the num.be:-
of pints added, equals to total number of pints in the 
new solution. 
(2) The amount of acid in the first solution plus the amount 
of acid in the added solution equals the amount of acid 
in the new solution. 
(3) The percent of the first solution plus the percent of 
the second solution will equal 65%. Therefore the problem 
cannot be solved. 
(4) The average of the amounts of acid· in each of the first 
two solutions will equql the amount of acid in the final 
solution •. 
(5) None of the above has any direct bearing upon the problem. 
D. "Which of the following equations 1vill best fit the problem? 
(l) .l5(x) f .20 = .5ox 
(2) .l5x 1- .5o (x .;. 10) • 25(2x 1- 10) 
(3) .15(10).;. 25x(x :f 10) • .5o(x .J. 10) 
(4) .15(10) .;. .25x • .5o (x.;. 10) 
(5) .l5(x) .;. .25(10) = .5o(x .;. 10) 
(6) None of these~ 
E., Solve the correct equation. Ans. ________ _ 
Do all work on back of this paper. 
-. 
. 
II. A man was known to have invested $10.;-000 in two separate organizations, the 
first payj.ng interest at 3~, and the second at 1.%. I:r his annual income 
from. these investments was $263, how much did he invest with each organiza-
tion? 
A. Which of the following statements is given in the problem? 
---
(1) The amount invested at 3!%. 
(2) The amount invested at 1%. 
rr •. 
(3) The interest received from the .first investment. 
(4) The total amount invested. 
(5) The interest received from the second investment 
(6) The total interest received. 
B. Which of these is the main problem? 
-------------------------
(1) To .find the total interest. 
(2) To find the total investment .. 
(3) To .find the interest at each rate. 
(4) To find the investment at each rate. 
(5) Wone o.f these. 
C. Which of' these will best aid in solving the problem? ____ _ 
(1) The interest at )i% plus the interest at 1% equals $10,000. 
(2) The interest at 3-l% plus the interest at 1% equals $263 .. 
(3) The rates of' interest added together and m:ul tiplied by 
$10,000 equals $263. 
·(4) 3-l% of $10,000 plus 1% of' ($10,000-x) equals $263. 
(5) None of' these. 
D. Which of these is the equation for the problem? ----------
(1) .o35x t .o1x : $lo,ooo. 
(2) .035x f .01 ($10,000-x) : $10,000. 
(3) .'035x f .01 $10, 000-:x:) = $263. 
(4) ( .. 035 f .• ol) ($lo,ooo) • $263. 
(5) .035x - .Olx = $263. 
(6) None of these. 
E. Solve the correct solution. 
Answer. --------------------
Do all work on back of this paper. 
18. 
III. 
• 
A boy walked a certain distance at the rate of 3 miles per hour, and then, 
continuing in the same direction, ran an equal distance at the rate of 
10 miles per hour. After a rest of 20 minutes he rode back to his home 
in a car averaging 30 miles per hour. Find the distance he traveled if 
he arrived home 2 hour, 56 minutes after he left. 
A. Which of these statements is given? 
l. The total distance .. 
2. The totaJ. time. 
3. The average rate. 
4. The time it took .for each part of his trip. 
5. The rates at which he walked, ran, and rode. 
B. What is the probelm? 
l. To find the total distance. 
2. To find the total time. 
3.. To find how far her~. 
4. To find how far he walked. 
·5. To find how far,he rode .. 
c. Which of these statem~nts will best aid in solving the problems? 
L The 'distance walked plus the distance ran will equal the 
distance rode. 
2. The sum of the times taken in walking, l'UI.Illing, resting, 
and riding will equal . the total time., 
3. The average rate can be found by adding all the rates 
given and dividing by four. (Use 0 as rate while resting.) 
4.. Let X equal the total distance. 
5. He rode the same distance as he walked and ran. 
D. Which of these formulas is most appropriate?---------
1. d- rt 
2. r :: d/t 
3. t = d/r 
4. none of these 
E. Which of these equations represents the problem? -------
1.. 3x plus lOx plus 30x equals 256. 
2. 3x plus lOx plus 30x equals 256/60. 
3. x plus ~ plus 20 plus ~ equals x. 3 10 30 
4. x · plus l}x plus 20 plus 3/2x equals 256/ 6o •. 
3 10 30 
F. Solve the correct equation and the ansvrer in the ansvrer column. 
IV. A rectangle has its length exactly twice its width. If the length were to 
be sh?rtened by two feet, and the vddth increased by three feet, the area 
of the resulting rectangle would then be twenty-two square feet more than 
the area of the original. Find the dimensions of the original rectangle. 
A. Which of the following statements is given? 
-----------------
l. The area of the old rectangle is 22 square feet. 
2. The area of the new rectangle is 22 square feet. 
3. The old rectangle was 2 feet longer and 3 feet wider 
than the new rectangle. 
~---
v 
4. The old rectangle was 2 feet shorter and 3 feet narrower 
than the new rectangle. 
5. The new area is 22 square feet more than the old area,. 
================-=======-======- -~~=--·:_~ 
u B. What ~s the problem'? 
l.. To find the :increase :in length and width. 
2, To find the decrease in length and width. 
3. To f'ind the length and width of' the new figure. 
4. To f'ind the length and width of' the original figure. 
5. To find the area of' the original figure., 
c. Which of' these formulas can best be used ~ solving the problem? 
l. A = s2 2. A = J.w 3. p = 2(l .f. w) 4. p = l f w 
D. Which of' these equations represents the. problem? __ .;__ ___ _ 
l. (x) (2x) equals 22. · 
2. (2x) 2 plus (x)2 equals 22. 
3. {2x-2) (x .f. 3) equals x2 .f. 22. 
4. (2x-2) (x f 3) equals 2x2.j. 22. 
5. (x-2) (x .f. 3) equals 2x2 .f. 2?. 
E.. Solve the correct eq'llation and place the correct answer in the 
answer column. 
I 
l-~-------------
I 5 min. on Part II Part II 
l.. · How. man;r quarts of acid at J.o% strength must' be added to 8 pints of acid a-t 
35% strength t~ make lO quarts of a mixture at 20% strength? _____ _ 
2. A 'Wheel travels a certain distance 'While making a certain number of revolu-
tions. If the circumference of the 'Wheel be increased by 6 inches, the 
wheel will travel 8 feet more while making the same number of revolutions. 
How many revolutions were made by the "Wheel? --------------
3. A man has some money invested in stocks paying 5% dividends, and twice as 
much in stocks paying a dividend of 4%. How much must he invest in stocks 
paYing 6% to increase his total investments by $3,500? ______ ~---
4. A square has an area of 8l square .feet.. If 5 feet be added to one side and 
2 .feet be added to the other, the original area be increased by 73 square 
.feet. Find the area of the new rectangle. 
5. A bus driver was transferred .from Route A to Route B. At the end o.f his .first 
trip over his new route, he noted that, although he had travelled 5o miles 
more than on Route A, his elapsed time was the same. If Route A was 900 
miles in length and he avera~ed 45 miles per hour, how long did it take him 
to drive Route B. 
22 •• 
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I. 
Interpretation of Errors (on multiple choice sectons) 
Inability to recognize 'What was given in the problem. 
In each of the four problems on Part I errors were made., and in three 
of the four some significance was observed~ 
In IA, twenty-eight pupils rather obviously selected what was to be 
.found rather than that -which was given. 
In IIA, thirty-five pupils evidently confused the rate _o_f _in_t_e_r-'-e_st_-
with the interest. (This has been a common error in the grade schools_, 
according to two local teachers.) 
In IIIA, no significant number of errors was obtained. 
In IVA, an example of hasty-reading apparently resulted in placing a 
period where none existed. In the problem were the words, u---the area of 
the resulting rectangle would be twenty-two square feet more than the area 
of the original. 11 It seemed that nineteen pupils stopped reading after the 
word 11feet 11 • Hence, the error. 
II. Inability to recognize what the problem asked for. 
A significant number of errors appeared in each of the four problems. 
In IB, twenty-six errors were caused by pupils who felt that the 
· total quanti-ty was to be found· rather than the amount to be added• 
(This error occurs rather frequently due to the fact that many verbal 
problems requiz;e 'to be found such things as total distance, total time, 
etc.) 
In IIB., since the total interest was given, it was felt by thirty-
three participating pupils that each part of this total had to be found. 
(This error is basically that of IB .. ) 
~---------
-------~ ·-- -··-~-·-------·-------
In IIIB~ the fact that twenty-four errors appear under two numbers was 
due to that number o:f pupils checked each of those choices. It must be 
admitted by the author that their po:int was well taken~ for, if each were 
.found, the total distance could easily be computed. However~ since the, 
Utotal distance 11 appeared as a choice, and this actually~ the problem, 
the author considered the twenty-four as errors. 
In IVB, the word, dimensions, app9,rently meant~ to twenty pupils. 
This may be attributed to the solving of many seventh and eighth grade 
problems where t:Q.e ~ is to be found when the dimensions are given. 
nr. Lack of a definite plan of att4Ck. 
Once again in IC the word total appears. Here, thirty-eight pupils 
neglected to realize that the amount of acid in .the solutions was the 
key to solving the problem and, as before, planned their attack on the 
basis of adding the amounts of solution to obtain a total solution. This 
error as been noticed twice before .• 
In nc' no significant number of errors appeared •. 
In nrc a word of explanation is necessary. . . .Although the problem 
could be solved by 11let·ting X equal the total distance11 , not one of the., 
si:x:Cy-eight who chose this answer followed through in that manner! Each 
stated to the author that, since the problem asked for the total ,distance, 
X should automatically be that distance. This has, in the author • s 
experience, been a very eommon error. Once the problem asks for a value 
th~ pupil quickly lets X equal that value whether or not an equation 
can be set up under those conditions~ This is due in part to textbooks 
'Who suggest, 11--find what the problem asks for and set this in terms of 
x.n 
r~• 
"' 
,. 
• 
Since sixty-eight pupils promptly l.et X equal the total distance, the 
.fact that seventy-two pupils chose d = rt as the most appropriate formula, 
was not a surprising one. Thus, IIID should be included with IIIC in 
determining cause of error • 
nrc provided the pupils with an opportunity to confuse the formulas 
for area and perimeter of a rectangle. Eighteen pupils obliged by 
selecting the perimeter formula when the area formUla was the correct 
choice. 
IV. Inability to transpose verbal statement to algebraic symbolism. 
The errors in ID were due to two causes. In one cas·e the 25% and 5o% 
values were interchanged, "While in the other. case the bugaboo of hasty 
reading caused errors to be made. Some of the pupils knew the correct 
equation but they did not take the t:ime to notice the interchanged percents. 
IID provided nothing of importance. 
The forty-two errors made in IDE followed naturally enough from those 
causes of errors in IIIC and in IIID. Since X had been selected to equal 
the total distance, ~equation that had X as the right member would be 
chosen. Then too, the .false equation closely resembled the correct one, 
"Which misled a few others •. 
IVD provided fewer errors than we expected as twenty-five pupils 
omitted this part due to lack of t:ime. Twelve pupils, however, failed to 
remember the original values of X and 2X. Four of the seventeen "Who answered 
incorrectly stopped reading at this point and did not notice that the~ 
equation was the correct one. The other error was caused by a pupil who 
checked the wrong line but who knew the correct answer. 
. 2t 
Thus, although the main causes .for error are the main headings o.f this 
portion of the· thesis, there were other errors that bear repeating, namely, 
(l) poor reading habits, (2) mistaken definitions and (3) hasty reaction 
due to set habits., 
Table II 
Incorrect Incorrect 
Wrong Arithmetic Algebraic Total % of 
Equation O:nitted Computation Manipulation .Amount Correct Errors 
I. E. 33 17 24 dec:i.mals 8 trans- 87 93 47.9 5 percent position 
II. ~. l3 ;30 26 dec:imals 7 trans- 87 93 47.9 5 division p9sition 
6 muJ.tip1i-
cations 
using (). 
III. F. 45 15 2 addition 9 trans- J.OO 80 55.5 
3 subtrac- 26 .fractional 
tion equations 
IV. E. 33 5 addition 12 trans- 94 86 51.7 
J. subtrac- 29 product 
tion o.f two bi-
nomials (. 
Total J.05 95 71 97 368 352 · 51.1 (Ave) 
I!"'[~--....__..;"~~·-::-": .. c~.- -------'--------------------- -·--·~-- ------ -------
Interpretation of Errors in Solving the Verbal Problem 
Part I 
Table IT indicates that of the total of seven hundred twenty answers, 
· three hundred sixty-eight o:f them (51.1%) were not answered uorrectly. (Of 
these, ninety-five were omitted.) 
The remaining two hund.:i'ed seventy-three errors broke down as follows: 
I. Seventy-one due to incorrect arithmetic computation .. 
A. Fifty were due to incorrect use of decimals. 
B. Five due to incorrect use of per cent. 
C. Seven due to .:faulty addition. 
D. Four due to f'aulty subtraction 
E.. Five due to f'aulty division. 
IT. Ninety-seven errors due to incorrect algebraic manipulation.-
A. Thirty-six errors due to incorrect transposition o:f terms. 
B. Twenty-six errors due to incorrect solving of :fractional 
equations. 
C. Twenty-nine errors due to incorrect multiplication of' 
two binomials 
D. Six errors due to incorrect multiplication ·of monomial 
and po~omial enclosed in parentheses~ 
The most common error in arithmetic (J.a_ errors) was .. 035x - .• Olx • .034x 
Errors in algebraic manipulation resulted in such things as: 
a) • 4x - 6 :t 22 
4x = 16 
b) • 2S .f :!£ .f ! .f 2x : 2 56 
3 10 3 30 bo 
(twenty-seven times) 
c). 
X f X f l .j. X : 176 
3 10' 3 1~ To 
20x /- 6x /- 20x .J. 4x : 176 (seventeen t:bnes) 
2 (2x-3) (x /- 3) - 2x .J. 22 
2 
2x ... 6 = 2x /- 22 (twenty-one times) 
As can be noted from the tables there were numerous other errors. So 
varied were they, however, that little signif~cance could be placed in them 
elt:cept that they were errors. 
'------~·-4\~'·""':::; '=' ..,..,.-------- -------- --- --
- ~.. :_ 
j1 
Table nr 
Number correct on each problem o.f Part n 
Number Correct Percent Correct 
5·correct 9 5.0% 
4 correct 16 8.9% 
3 correct 31 17.2% 
2 correct 35 19.4% 
l correct 46 25.6% 
0 correct 43 23 .. 9% 
180 100.Q% 
,:__ __ __..·;;.:;:~;;>::·¥·: ___ ----~-------- -- ------~- ----- ··-----
Part TI 
The results of· this section of the exercises supported the author's 
contention that pupils fail to notice the obvious. As stated in the exercises 
aJ.l problems in Part II could be solved in a few minutes as little~ i:f any 
algebraic manipulation or arithmetic computation was necessary. Each p;roblem 
could have been simplified, by omitting unnecessary words, to an extremely 
elementary problem. 
For example: 
Problem 1 merely asked, nHow many quarts must be added to eight 
pints to make ten qu§;t'ts? 11 
Problem 2 did involve the knov.rledge that one revolution of a wheel on 
. the ground causes the "Wheel to travel a horizontal distance equal to that of the 
wheel's circumference. 
Algebra needed? Nonel Arithmetic necessary? Eight divided by one-halfl 
Problem 3 was so simple that the author nearly removed. it from the 
exercise! It asked, 1lWhat must be .added to a number to increase that number by 
In problem 4 all that was necessary to know was how to find the length 
of one side of a square if given the area. The area was eighty-one square feet, 
hence no square root computation was needed. 
Problem 5 requested the time needed to drive nine hundred miles in 
forty-five.hours., 
As can be seen by a glance at the tables only" five percent of the 
J 
one hundred-eighty students who participated were able to correctJ.y solve all 
five problems! Twenty-four percent oi' these students i'ailed to solve a single 
problem! Nearly sixby-nine percent i'ailed to get more than two correct answersl 
Conclusions 
As stated earlier in this thesis, results of previous investigations 
showed that in the period from 1925-1935 high school students in classes of first 
year algebra made errors because of: 
l. Inability to recognize what was given in the problem • 
. 2. Inability to recognize what the problem asked for. 
3. Lack of definite plan of attack. 
4. Failure to recognize essential data. 
5. Inability to transpose verbal statement to algebraic symbolism. 
6. Errors in algebraic manipulation. 
7. Errors in arithmetic computation. 
It should be obvious from the results of the exercises that the 
1.955-1956 crop of algebra students are still making the same errors! 
Extreme care, then, must be taken in the teaching of the verbal problem 
if the number of errors is to be reduced. However, before it is said that the 
teaching of algebra has not improved since 1925, let us examine some of the 
causes for the apparent weaknesses in this subject. 
As stated in Chapter I, it was the author's intention to determine the 
causes for errors made in the solving of verbal problems. He had hoped, too, that 
the number of errors would be less than those found by those "Who did research on 
this problem in the late l920ts and early 1930's. This, of course, was not the 
case. It is due, perh?.ps, to the fact that far more high school boys and girls 
are selecting algebra as a SU.bject for their 1956 program than did their 1930 
counterparts. 
Although some screening is done at both schools in which the exercises 
were given, it was admitted that m~ students were permitted to select algebra 
even though aptitude tests indicated another choice would have been better for 
34. 
all concerned. Many- of those who did poorly on the exercises of this thesis faJ.l 
in this category. It seems~ then~ that large numbers of errors in algebra will 
continue to be made as long as the doors are open to so many nwould-belf students 
of algebra. 
The problem. of eliminating the large number of errors lies beyond the 
scope of this paper. It is hoped~ though, that~ if someone will endeavor to 
under take that phase of the problem. this paper will be of some assistance. 
i 
---- ---------- - ·--f 
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